In this paper the authors develop a mechanical model to analyze the vibrational behavior of tendon driven mechanisms.
INTRODUCTION
During last years many technological and scientific improvements have been made in automation of manufacturing processes. In many cases it is useful to adopt manipulators in order to increase the flexibility of the process and use a unique machine for different tasks.
Moreover in many mechanical applications there is the need of transmitting the motion using open loop kinematic chains with actuators fixed in space instead of on moving parts. Because of their topology and low inertia, tendon mechanisms offer a solution to the problem.
The design of these devices requires the search of optimal working parameters. Since flexible belts can transmit tension forces only, the number of transmission lines m must be greater than the number of degrees-of-freedom n. This redundancy increases the maneuverability of the mechanism, and the overall performances of the manipulator. An efficient control algorithm must handle such redundancy taking into account external disturbances and loads indeterminacy (i.e. impulsive loads). In hi-tech applications, such as those of surgery or aerospace (see Figure 1 where a miniaturized manipulator designed for laparoscopy is depicted), the belts elasticity cannot be neglected to predict precisely the trajectory of the end effector in presence of variable (or uncertain) external load. There is also the need for a small set of equations to decrease the consumption of computing time and hardware resources to setup an efficient real-time integration.
In this case the set of equations herein presented can be successfully included in a control system to increase the precision of the manipulator. { } ξ is the vector of belts tensions.
TENDON DRIVEN MECHANISM DYNAMICS
Before deducing the equations of motion for a generic tendon driven mechanism, let us introduce the following assumptions:
• There is no sliding between belts and pulleys; in particular we assume that each belt is wound several times around the grooves and the eulerian arc of contact is long enough to avoid sliding.
• The belts are massless • The pulleys are rigid.
• The belts can bear only positive tension.
• The number of the belts is greater than the number of degree-of-freedom of the mechanism.
First of all we deduce the equations of motion assuming that the belts are rigid. Then we will include the elasticity effects, that, in many cases, can not be neglected.
The kinematics of a tendon driven manipulator is ruled by the following equations:
A is a m n × (with m n > ) matrix, whose elements depend on the topology of the mechanisms and on the dimensions of the pulleys [4] .
To compute these elements we can observe that, without sliding, the displacement j s of the belt winding around the pulley j is Combining (2) and (3), we can obtain the following expression:
which permit to build the matrix [ ] A . It is worth to be said that the elements of this matrix, depending only on the topology and dimensions of the mechanism, in the time derivation of (1), should be kept constant.
The equations of motion for a tendon driven manipulator can be obtained from a Lagrangian approach as deduced by Londi [8] . After lengthy computation reported in [8] we can get:
where the meaning of each term is explained in the nomenclature.
The elements of matrix [ ]
M can be computed using:
where the pseudo inertia matrix can be computed solving:
and for an in plane manipulator with revolute joints with parallel axes the Denavit-Hartenberg matrices assume the generic expression:
[ ] ..
These matrices allow to transform the coordinate of a point from one reference frame to another, using the following formula:
Assuming only revolute joints, the time derivative 
To compute the Jacobian matrix [ ] J we can differentiate the equations obtained from (9) with respect to angles i θ .
VIBRATION ANALYSIS
In the previous part of the work the belts elasticity was neglected. In general this assumption leads to approximate results as regard the assessed trajectory of the end-effector.
Let us suppose to lock the actuators, thus the generic tendon driven mechanism is instantaneously overconstrained, thus to obtain the solution of the elastic equilibrium we have to superimpose a consistency condition, depending on the elasticity of the system. First of all, using Hooke's law, we can compute the variation s δ of belt length due to the applied tension ξ :
The previous formula can be generalized considering a generic manipulator with m belts:
For a manipulator with fixed actuators, we can consider the generic reached configuration as a initial condition to measure rotational displacement due to elasticity. In this case we can
Thus belt tension vector can be computed from (13) as follow:
Now we can define the stiffness matrix k     of the tendon driven mechanism as:
We can substitute (14) in the general equation of motion (5) and obtain:
The approach followed in the model leads to consider the mechanism as an equivalent serial manipulator as shown in Figure 2 . Figure 2 : An example of tendon driven mechanism (above) and equivalent system with concentrated stiffness (below).
BELTS TENSIONS
One of the most important parameter which has to be computed is the vector of belts tension.
After solving for dynamics equations (5), the simplest way to compute belts tension should be to evaluate expressions (14) . This method would lead to approximate results, because the belts can have only positive tensions. So, we have developed another approach.
These unknown tensions can be found following the method of the λ-corrector, proposed by the authors [9] .
According to this method, after solving for dynamics, we can evaluate the tensions of the belts using the following expression [9] : Then, the unknown tensions vector can be found solving the following expression:
The whole procedure to compute belt tension can be summarized in the simple algorithm shown in Figure 3 . 
AN EXAMPLE
In this section we discuss some results obtained from a numerical simulation.
The manipulator chosen for this example (which is depicted in Figure 4 ) has three degrees-of-freedom (three links connected with revolute joints) and four belts (so we have the 1 m n = + case discussed in the previous paragraphs). The geometrical and inertial properties of each link are summarized in Table 1 and the values of damping coefficients at the joints are collected in Table 2 . As it can be clearly observed the manipulator reach the position of equilibrium after some oscillations of each links, as we expected to find.
The tensions of the belts show similar behaviors with oscillating time histories as shown in Figure 7 .
It can clearly observed that two tensions, during oscillation reach the value of zero. Without the algorithm of λ-corrector we could have obtained negative (i.e. inconsistent) values. The proposed algorithm force the belts to have a positive (or zero) tension and so we have a correct solution of the system, which satisfies the physical condition of flexibility of the belts. 
CONCLUSIONS
The study of dynamical behavior of tendon driven mechanisms often requires to include the elasticity of belts in the model for many engineering application. The authors have developed a methodology to modify the equation of motion of a tendon driven mechanism to take into account the elasticity effects. The proposed model can be successfully integrated with the λ-corrector algorithm for the solution of the tensions of the belts.
The developed example shows that the computational effort (time and hardware resources) is very low, therefore the system can be solved using a common ordinary-differentialequations integrator using a low-performances personal computer. 
